Differentiation From First Principles

After studying differentiation for the first time we know the following:

d

Differential of y = 22 = L
dx
d

Differential of y = 23 = & _ 322,
dx
d

Gradient of y = 2®> when z =4 = e =3 x 4% = 48.

dx|,_,

We will derive these results from first principles. Consider the following graph of a function
y = f(x). (y = f(x) could be any function. For example y = 22, y = 23, y = 2", y =

sinx, y=¢€*...)

Yy f(x)

Consider the graph at z and = + h; the y values that these points take respectively are f(x)
and f(x 4+ h). Now let us consider the gradient of the line joining the two points (x, f(z)) and
(x+h, f(x+h)). From our previous work on coordinate geometry we know that the gradient is

Gradient — d_lffefence ny _ flet+h)— flz) _ flz+h) -~ flz)
difference in z z+h—zx h

From our original graph of f(z) we can see that as we make h smaller we get an increasingly
accurate measure of the gradient of the curve at x. Indeed if we allow h to equal 0, then the
measure of the gradient should be perfect. However, if we glance at our expression for the
gradient we can see that we cannot let h = 0. So we have to do the next best thing and let h
to tend to zero (h — 0).

Example of y = =2

Cradiont — JE+HD) = f(2) _ (@+0)?—a®  a®+2ch+h®—2®  2wh+h?
- h - h B h I

As h — 0 we can see that the gradient becomes 2z, as required.

=2x + h.

Example of y = a3

. flx+h)—=flx) (z4+h)?P—2> 234 32°h+3zh? + kP — 2P
Gradient = Y = h = ;
B 3x2h + 3xh? + h3

h

= 322 + 3zh + K.

As h — 0 we can see that the gradient becomes 32, as required.
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Example of y = 3 when = = 4

Cradiont — JATM —f(4) _ (4+h)? —4% 4243 x 42h+3 x 4h®> + 17 — 4°
_ ) _ ) _ ]
_ 3x42h+3 x 4h% + B3

h

=3 x 4%+ 3 x 4h + K%
As h — 0 we can see that the gradient becomes 3 x 4% = 48, as required.

The General Case of y = =™ (for integer n)

Gradient = N
(x4 h)"—a"
N h
_ (a4 (D ht (5)a" 202+ (5)a" R 4 4 () ek + ()R — et
N h
at+ na™1h + (g)x”_QhQ + (g)x”_?’h?’ + - nah L4 — g
B h
_ na" 1h + (Z)x”_zhz + (g)m”_?’h?’ + -+ nzh™ 1+ p"
N h
=nz" 14+ (Z) 2" 2h + <§> 2" 3K 4 nah 2 4 AL

1

As h — 0 we can see that the gradient becomes nz" ™", as required.
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